We prove that a very large class of 15502 general Argyres-Douglas theories cannot admit a UV lagrangian which flows to them via the Maruyoshi-Song supersymmetry enhancement mechanism. We do so by developing a computer program which brute-force lists, for any given 4d N = 2 superconformal theory T IR , all possible UV candidate superconformal lagrangians T UV satisfying some necessary criteria for the supersymmetry enhancement to happen. We argue that this is enough evidence to conjecture that it is impossible, in general, to find new examples of Maruyoshi-Song lagrangians for generalized Argyres-Douglas theories. All lagrangians already known are, on the other hand, recovered and confirmed in our scan.
Introduction
Four dimensional N = 2 quantum field theories received much interest in the past decades, as the large amount of supersymmetry allows one to perform exact computations even in the strongly coupled regime.
Soon after the discovery of Seiberg-Witten solutions [1, 2] it was realized that there exist consistent superconformal quantum field theories that do not admit a local lagrangian description, and are therefore named non-lagrangian theories [3, 4] . With the discovery of Argyres-Seiberg duality [5] , it was realized that such non-lagrangian theories are not just exotic sporadic examples of QFTs, but instead they are quite generic, and arise naturally as duals of ordinary lagrangian theories. Furthermore, the set of such non-lagrangian theories has been extremely extended with the class-S construction of Gaiotto [6] .
In particular, one interesting set of strongly-coupled superconformal N = 2 nonlagrangian theories are the so called Argyres-Douglas (AD) theories. The defining property of an Argyres-Douglas theory is that it exists at least one Coulomb Branch (CB) operator that has a fractional (non-integer) conformal dimension. Argyres-Douglas theories were originally found to describe the low-energy dynamics at special point in the Coulomb Branch moduli space of a pure N = 2 super Yang-Mills with simplylaced gauge group G, where at the same time mutually non-local dyons become mass--1 -less [7, 8] . In the following we will denote Argyres-Douglas theories of this type as G-Argyres-Douglas, or equivalently (A 1 , G) theories.
In [9] , this class of AD theories has been enlarged. It was shown that by compactifying type IIB superstring theory on a Calabi-Yau 3-fold singularity given by the sum of two ADE polynomials, one could recover the (A 1 , G) theories, as well as construct many more. The resulting 4d N = 2 superconformal theories obtained in such way are called (G, G ) theories, where G and G are the two ADE type groups that define the CY singularity. Equivalently, (G, G ) theories could also be defined by the fact that their BPS quiver [10] is the direct product of two Dynkin diagrams of type G and G .
It was shown that a subset of these theories, precisely those of the form (A n , G) admit a class-S description. The Riemann surface is a sphere, and there is a single irregular puncture on it [11] .
Recently it was remarkably found that the set of non-lagrangian 4d N = 2 theories is somehow smaller than what initially thought. Indeed, some N = 1 Lagrangian gauge theories were found by Maruyoshi and Song (MS) to flow to some of the (G, G ) in the deep IR, therefore showing a phenomenon of Supersymmetry Enhancement at low energies [12, 13] . For a complementary approach, see [14] [15] [16] [17] [18] .
The idea of Maruyoshi and Song (MS) in [12, 13] was to consider a N = 2 superconformal field theory T UV with a non-abelian flavor symmmetry F , and to deform it by adding a superpotential term in which a gauge-singlet, flavor adjoint N = 1 chiral multiplet M couples to the moment map operator µ via a superpotential term, W def = tr M µ .
(1.1) Let us give an example of such flows. Consider T UV to be SU (2) with N f = 4. The flavor symmetry is SO (8) , and one can give to M a vev inside the maximal nilpotent orbit of the Lie algebra so(8) C . The resulting IR theory is the (A 1 , A 2 ) Argyres-Douglas theory, also known as H 0 , the minimal 4d N = 2 SCFT 1 .
The Maruyoshi-Song deformation was later generalized to the case in which the field M acquires a vev along some non-maximal nilpotent orbit, in [22] . In [23] it was also applied in cases in which the UV theory T UV is a linear superconformal quiver.
At the moment, it is known that the following set of (G, G ) theories admit a MS lagrangian:
theory with m ≥ 1 and N ≥ 4 and even.
After their first introduction, Maruyoshi-Song RG-flows were further studied. The compactification to 3 dimensions was studied in [24] [25] [26] [27] . In [28] it was observed that all known MS flows admit a class-S description in which T UV has a class-S realization as a sphere S 2 UV with one irregular and one regular full puncture and T IR has a class-S realization as a sphere S 2 IR with one irregular puncture alone. The order of the pole of the Hitchin field at the irregular puncture of S 2 IR is increased by one, with respect of the order of the pole of the Hitchin field at the puncture of S 2 UV . In [29] the enhancement phenomenon is studied at the level of the Hitchin system. Furthermore, necessary criteria to establish if a theory can admit supersymmetry enhancement using such deformation have been introduced by Giacomelli in [30] , by exploiting 't Hooft anomaly matching conditions. In [31] a F-theory embedding of MS flows among rank 1 theories was presented.
In this paper we address the question whether the set (1.2) of (G, G ) theories T IR for which a Maruyoshi-Song UV lagrangian exists is complete, or we could maybe find lagrangians T UV for other (G, G ) theories. 1 Here we mean that the (A 1 , A 2 ) theory has the minimal known value of central charges a and c.
For the central charge c, it is argued both by Bootstrap argument and chiral algebras [21] that it is impossible to find a N = 2 SCFT with a lower c than the one of the (A 1 , A 2 ) theory.
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We show the results of a scan done over 20100 (G, G ) theories. We wrote a computer program that lists all the possible UV theories satisfying Giacomelli's necessary criteria for SUSY enhancement to happen, given as an input the theory T IR . We stress that our computer program does not rely on the hypothesis that the IR theory is of (G, G ) type: the program is completely general. Given as an input the IR theory T IR , the program will give as an output all its possible MS UV completions. It was simply our choice to look for candidate lagrangians for (G, G ) theories and not some other set of theories as, for example, class-S with regular punctures. We also stress that if the program gives a negative result this implies such lagrangian does not exist.
The result of our scan is as follows. First of all, we decided to abort the computation for any (G, G ) theory for which coming to a definitive answer took more than 6 hours of computing time on a 16 cores machine. We chose this 6-hours mark as the best compromise between giving the program sufficient time to work on each case, and being able to complete the full scan in a timescale of 3 months.
Out of the 20100 cases we chose to focus on, for 15999 of them the algorithm terminated in less than six hours of computing time. For 15502 out of the 15999 completely analyzed cases, a Maruyoshi-Song UV lagrangian has been proven not to exist. For the remaining 497 analyzed cases, a lagrangian already known in the literature was recovered (they are cases in the list of Eq. (1.2)). For the 4101 cases in which the algorithm did not terminate in less than 6 hours, our program could not come up with a definitive answer. For those latter cases we still cannot claim that a MS UV lagrangian does not exist.
This negative result made us conjecture that for all the AD theories of the (G, G ) type, all the Maruyoshi-Song lagrangians that flow to them are already known. This is also consistent with the conjecture that a Maruyoshi-Song flow between T UV and T IR exists if and only if they admit the class-S realization with the punctured spheres, as discussed above. Our scan gives strong explicit evidence in support of the validity of this latter statement. This paper is organized as follows. In Section 2 we review how (G, G ) theories are described from IIB geometrical engineering, and we introduce a computer program to compute their CB spectrum and central charges in a very efficient way. In Section 3 we first review an algorithm to check for UV lagrangian theories which flows to the a given T IR theories via the Maruyoshi-Song deformation. Then we introduce another computer program that implements such algorithm efficiently. In Section 4 we describe the results of the scan we have done looking for new examples of UV lagrangians in the (G, G ) landscape. We state properly a well-motivated conjecture about the non-existence of them.
Both computer programs as well as a guide explaining the details of the code are publicly available as ancillary files.
Geometrical engineering for (G, G ) theories
In this section we will recall how to realize the (G, G ) theories from IIB geometrical engineering [9] . Such realization of the field theory is particularly useful to compute the spectrum of Coulomb Branch operators, masses, couplings and central charges in a simple and algorithmic way.
Consider type IIB Superstring Theory compactified on R 1,3 × X, where X is a non-compact Calabi-Yau 3-fold singularity given by the zero-locus of the equation
where (x, y, z, w) ∈ C 4 , while W G and W G are the ADE polynomials:
We define the ring polynomials of four complex variables C[x, y, z, w] modded by the ideal generated by the gradient dW [32] , 
where the coefficients u α will be interpreted as CB operators, masses or coupling constants depending whether their scaling dimension is respectively greater than one, equal to one 2 , or smaller than one.
The scaling dimension of the parameters can be computed as follows. On the Calabi-Yau given by (2.1), it is naturally defined an holomorphic 3−form Ω, which locally reads
Such holomorphic 3-form has scaling dimension 1, since BPS masses can be computed as periods of (2.5) on supersymmetric 3−cycles [32] . The condition [Ω] = 1, together with the homogeneity of Eq. (2.1) allows us to solve for all the scaling dimensions.
Given the spectrum of the CB operators, it is then possible to compute also the superconformal central charges (a, c) of the field theory using the following relations [33] :
and R(B) is related to the discriminant of the Seiberg-Witten curve. For the particular case of the class of theories of interest, R(B) can be easily computed as [34, 35] 
where h ∨ G is the dual Coxeter number of the group G, and r G is the rank of G.
A program to compute central charges
The computation described in Section 2 may result tedious when the rank of groups becomes large. Attached to this paper there is a Mathematica notebook, called GGp RAC.nb that does the computation for us. The program is quite straightforward to understand since it applies literally the computation described in Section 2. However, in the ancillary files there is a "Guide programs" that explains in details what are the necessary 2 There can be masses with dimensions greater than 1 but they are not paired up with other parameters such that their dimensions sum up to 2.
-6 -inputs for the program to work efficiently. Since we use the Type IIB description for (G, G ) theories, the function needs as input two of the following semisimple Lie
and it returns as output an array containing:
• The scaling dimensions of the Coulomb Branch operators.
• The number of masses, i.e. the rank of the flavor symmetry group.
• The complex dimension of the Coulomb Branch.
• The superconformal central charges a and c.
• The complex dimension of the Higgs Branch as 3
The notebook is set to work on Linux distributions. The program will launch a Macaulay2 [36] subroutine, which is used to compute the ideal of the gradient of (2.1), therefore it is necessary to pre-install Macaulay2.
As an immediate application of such program we can easily compute the central charges for (G, G ) theories of very large ranks. For example, we can check the fact already noticed in [37] that for (G, G ) theories the central charges a and c scale linearly with the rank. Figure 1 shows the case of (A m , E 6 ) for all m in [1, 1500] .
3 An algorithm to look for candidate UV completions
The algorithm
Consider a 4d N = 2 superconformal field theory T IR . In this Section we are going to review an algorithm that allows us either to find all the 4d N = 2 lagrangian SCFTs T UV that flow to T IR under a MS deformation, or to prove that such a lagrangian UV completion for T IR cannot exist. 3 In some cases this formula may give fractional results. In those cases, there is no Higgs branch. -8 -Such algorithm was originally introduced in [30] , where some necessary conditions for the existence of T UV were found via an argument of 't Hooft anomaly matching [38] for the R-symmetries of T IR and T UV . Here we will need some of these conditions, namely 1. The rank r of T IR is equal to the rank of T UV , namely r UV = r IR = r.
2. The central charges of T UV and T IR are related as follows
3. The number of simple factors f of the gauge group of T UV is equal to the number of CB operators of T IR of smallest conformal dimension.
Recall now that we focus only on the case in which T UV is lagrangian. Crucially then Eq. (3.1) can be rewritten in terms of the number of hypermultiplets n h and vector multiplets n v of T UV using the usual formulae for weakly coupled theories,
We find then that the number of hypermultiplets of T UV is given by
In the following we assume we have knowledge of f , r, a IR and c IR for our given theory T IR . Now the algorithm proceeds as follows. • If by this computation we find a non-integer value for n h , we conclude that a lagrangian theory T UV which flows to T IR under a MS deformation cannot exist.
• If instead we find a integer value for n h , the algorithm continues as follows. We list all the possible gauge theories that can be formed by using the selected gauge group G UV and the number of hypermultiplets such determined. In particular, we will need to split the n h "loose hypermultiplets" into representations of the various f factors of G UV . This number is clearly finite as both n h and f are.
• Out of all these possible ways of assigning the hypers to some gauge representation, we compute whether the beta-function for all the factors of the gauge group G UV vanishes. If not, we drop such case. This drastically reduces the possibilities.
This last check is based on the classification of lagrangian N = 2 SCFTs made in [39] .
• If a non-trivial way to assign the n h hypers into representations of G UV such that all beta functions vanish is found, then such theory could be a UV completion for T IR . However, such possibility can be still excluded, for instance by checking whether it is free of Witten's anomaly [40] or checking by a−maximization [19] whether it really flows to T IR .
We stress that this algorithm crucially relies on the assumption that T UV is lagrangian. Even when algorithm rules out a Maruyoshi-Song lagrangian UV completion of a given T IR theory, it is still possible (and in fact it happens in various examples) that T IR can admit a Maruyoshi-Song non-lagrangian UV completion.
The implementation
In this section we discuss the main features of a computer program we realized in order to perform the analysis of Section 3. This program is available as an ancillary file UVtheory.nb, together with a file "Guide programs" containing a more detailed documentation about how the code works.
Given as an input the rank r IR , the central charges a IR and c IR and the number We know from [23] , that this theory has a UV completion in the quiver in Figure 2 , SU(2) SU(4) SU(6) SU(8) Figure 2 : Quiver for the theory UV completion of (A 3 , A 7 ).
however, we want to show how to read such theory from the output of the function -11 -
UVTheory of our program. The output of UVtheory will be the following:
The interpretation of the output is as follows. First of all, in general, there can be many combinations of f groups such that their rank is r. The output is then an array containing all possible combinations that are allowed by [39] . In this case, in fact, there are in principal three different combinations of simple groups:
The first component of each output, then, always contains the gauge group of the UV theory, followed by the number of vector multiplets and the number of loose hypermultiplets. They, in this case, are, respectively, n v = 53 and n h = 80 .
(3.7)
The following component contains the combinations of triple factors under which a field can be in the trifundamental of all of them. In the example at hand, there is not allowed triple of factors of gauge groups such that it can admit trifundamentals.
However, there can be couple of groups under which a field can be charged at the -13 - 2. Antisymmetric representation for SU(4) and USp(n).
Symmetric representation for SU(n).
4. Adjoint representation for SU(n), SO(n), USp(n), E 6 , E 7 , E 8 , F 4 and G 2 . (6), SU (7), SU(8), USp(6) and USp(8).
3-index antisymmetric representation for SU
6. S -spinorial representation of SO(n) for 7 ≤ n ≤ 14.
7. C -conjugate spinorial representation of SO(8) and SO (12) . 4 In case in which a triplet is allowed, the program associate to it a variable called x. 5 It is important to stress that not all the groups allow for all the 12 types of representations, but if someone lists all the different representations that are allowed for all the groups, they are 12. are not corresponding to connected quiver, so we are not interested in them.
If a triplet had had been allowed in this example, the corresponding hypermultiplet will be associated to the variable x(1, j, k, l), with j, k, l representing its representation under the three gauge groups. Now that we have understood how to read the output of UVTheory, it should be easy to see that Eq. (3.6a) corresponds to the quiver in Figure 2 . We have, then, obtained the UV theory found also in [23] for the (A 3 , A 7 ) Argyres-Douglas theory. In a similar fashion, our program reproduces all known results of UV lagrangians that flow to AD theories of the type (G, G ), but, since the input are very general, it may be useful to test new or more complicated theories.
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Results
In [12, 13, 22, 23] many UV lagrangians that flow to AD theories of the type (G, G ) have been found. We wanted to use our programs to test if there are some other UV lagrangians to be found for theories in the (G, G ) landscape. We ran the program for the following sample of 20100 theories:
with n = 1, . . . , 100 and m = 3, . . . , 100.
One difficulty of such scan is the time that the program needs to find all possible candidates UV theories that have a fixed rank r and a product of f simple groups, before testing for the vanishing beta-function. The number of such combinations scales exponentially both in r and f , so we decided to interrupt the computation for each (G, G ) theory if after six hours it was not terminated. The main result that we find is the following:
For all cases in (4.1) for which a Maruyoshi-Song UV lagrangian is not already know in the literature, and for which an output of our program was produced within 6 hours, we find that such UV lagrangian cannot exist.
We have decided to put the results of the scan in tables from 2 to 15 for an immediate and easy reading. The tables contain green, red or gray boxes. If the program has completed the computation for such theory, the box will be green. If the computation has been interrupted after six hours, the box is red. Grey boxes take into account the fact that the In Table 1 we also list the percentage of completeness of the computation for all the -16 -combinations of (G, G ) theories that have been analyzed.
Given the large set of (G, G ) theories covered in this scan, and given that it was possible to prove that all the analyzed cases do not admit a Maruyoshi-Song lagrangian,
we are lead to make the following conjecture:
Let T IR be any theory of (G, G ) type. Then either a Maruyoshi-Song lagrangian T U V flowing to T IR is already known, or if not, then it does not exist. Table 15 .
The scan has been carried out on the IFT Hydra cluster and the DESY theoc cluster, in parallel computation on an average of 9 cores for 1 month, and then on the same cluster with an average of 16 cores for 2 months. Table 1 : Percentage of theories for which the computation has terminated without being interrupted after six hours. The subscripts i, j = 6, 7, 8. Table 2 : Analyzed theories for (A n , A m ) with n = 1, . . . 100 and m = 1, . . . 25. Table 3 : Analyzed theories for (A n , A m ) with n = 1, . . . 100 and m = 26, . . . 50. Table 5 : Analyzed theories for (A n , A m ) with n = 1, . . . 100 and m = 75, . . . 100. Table 9 : Analyzed theories for (D n , A m ) with n = 3, . . . 100 and m = 75, . . . 100. Table 10 : Analyzed theories for (D n , D m ) with n = 3, . . . 100 and m = 3, . . . 25. Table 15 : Analyzed theories for all the combinations of (G, G ) given by the groups E 6 , E 7 and E 8 .
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